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A Selected History

Merton 1973 DJ/O single barrier
Rubinstein & Reiner 1991 KO's and Kl's
Rich 1994 General RN-theory
Heynen & Kat 1994 Partial time barriers
Kunimoto & lkeda 1992 Double barriers
Geman & Yor 1996 Laplace transforms
Buchen 2001 Method of images

Konstandatos 2003 Exotic barriers
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Introduction(1)

De nition: The Black-Scholes operatdr (with =T t)
IS de ned by

LV (X; )= OVi v &Y ZXZ%

@ @X
The corresponding BS-pde is de ned to khev =0.

(1)

N[

For European derivativesx > 0 and > 0O with a specied IV
V(x; 0) = f (x), the payo function .
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Introduction(2)

Such initial value problems are generally easy to solveguge

Feynman-Kac formula

V(x; )= e " Eqff(X1)iX; = xg

where

Xt =xexpf(r 12 + B®g

(2)

(3)

and B? is a Q-Brownian motion. Here,Q is the Equivalent

Martingale Measure.
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The Double Barrier Problem(1)

The problem we are going to solve is:

LV = O0; > 0, a( )<x<b ()
V. = f(x); =0; A<x<B (4)
V = 0 x=a( ), x=0b()

where
a( )= Ae and b )= Be

Think of a( );b( ) as the current barrier levels and;B as
the expiry barrier levels.
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The Double Barrier Problem(2)

This problem describes a double knock-out barrier option
with exponential barriers and payo functioh(Xx).

If the asset pricex hits either barrier at any time prior to the
expiry date, the option expires worthless at that instant.

Our aim Is to solve this problem for a general payo function
f (x) for all permissible parameteis; B; ; ; ;r
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Images for Flat Barriers

Let V(X; ) be any function ofx and . Then the image ofv

wrt X = b (b > 0 constant) is de ned to be the function

1,V (X, )= (b=X9V (KP=x; );

(5)

If we think of | , as an image operator, then it is easy to see

that it satis es the following three properties:
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Images properties

1. I IS an involution.
l.e. I, "=1p or IS=1, the identity.

2. Whenx=Db I,V =V
Le. (I | pV =0:

3. Otherwise, ifx 6 b, x and the image price/ = b*=x always
lie on opposite sides of the barrier level
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BS-Image Option V(X; )
Lemma: If V(X; ) satises the BS-pdd.V =0 with IV

V(x;0) = f(x)
thenV(x; )= IpV(X; ) satis es the BS-pdd.V =0 with IV

V(X;0)= I pf (X)= f(X)

In operator languagel. and | , commute.
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Method of Images for Flat Barriers

Theorem: [Method of Images]
Let Vu,(X; ) solve the (unrestricted) IV problemV, = 0 with
initial value Vy(x; 0) = f (X)1(x<Db).

Then the solution of the (restricted) IBV problerhV =0 in
Xx<b with V(x;0) = f(x) andV(b; ) =0 Is given by

V(X )= V(X ) | pVu(X; ) (6)

forall > Oandx<b.
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Equivalent European Payo

The U/O barrier option problem is essentially solved by an
equivalent European option (absent the barrier) with payo

Ve(x; 0) = f (X)I(x<b) f (X)I(x>b) (7)

The physical domainof the option isx < b. Once the price is
obtained, thevirtual domain x > b can be ignored.
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Images with Exponential Barriers

Lemma: If V(x; ) satises the BS-pdelLV = 0 with initial
valueV (x; 0) = f (x), then

V(x; ) = 1pV(x; )=[b )=x]" V(K( )=x; ) | (8)

with

b()=Be ; q=2(r+ )=° 1 (9)

solves the BS-pdéV =0 with IV

V (x; 0) = (B=x)9 f (B?=x)
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Mol for Double Barriers(1)

Let U(X; ) solve the (unrestricted) IV problem for the BS-
pde LU = 0, with initial value U(x;0) = f (X)I(A<x<B ).
Then the unique arbitrage free solution of DB-problem can be
expressed entirely in terms af(x; ) and is given explicitly by
the doubly-in nite sum

V(X; ) = i npn (X:a)CInU( ZHX; )
= (10)

(a=x)PnU(a? °"=x; )
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Mol for Double Barriers(2)

where

pn = nq (n 1)

ng g)=pntQg (11)

Ch

o( )=a( ) =(B=A)el )

()

Eqgs (10) & (11) give the main result of our paper.
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Proof of Main Result(1)

Lemma 1: Let K2 denote the doubly-in nite sequence of image
operators

b _
Ka = | | a+|ba | aba+|baba+

| p+lap | paot lapan +

Then the solution of the DB-problem is given by

V(X )= KRu(x; ) (12)
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Proof of Main Result(2)

Intuition behind Lemma 1

We subtractl ;U from U to satisfy the BC atx

1l
2

then we add a terml paU to satisfy the BC atx

[
(=)

but now the BC is no longer satis ed at = a so we subtract
a further term| g U.

We continue this process inde nitely to obtain the rst
INn nite sequence of images df.
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Proof of Lemma 1

1. V(x; )= KBU(x; ) obviously satis es the BS-pde because
U and all its images do.

2. The BC's atx = a; bfollow from the factorisations

KS = (1 1 Il 1 b+lpa | bap* lpaba |
= (I | a)Hpa
K = (1 Il I a*+lap | ava+t lapap |
= (I | p)Hap
and recall(l 1 5p)U(X) =0 vanishes ak = a;h.
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Proof of Lemma 1 (cont)

3. The IC follows from

V (x; 0) K5 U(x; 0)
U(x; 0) + image-sequenceU(x; 0)g

f (X) for A<x<B

since, by de nition of U(x; 0), its images wrtx = A and
x = B all vanish identically insid€A; B).
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Lemma 2
Leta= Ae ; b= Be andc= Ce where(A;B;C) are
positive constants and ; ; ) are any constants. Then
lepa=1c Ip Ta=( A;B;C)lyg (13)

where
( A;B:C)= AZ ) =) 2= )
and

d= ac=b= De ; D = AC=B; = +
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Proof of Lemma 2 (outline)

By de nition of the image operator, we have
lebaV (X; ) = (c=2" (b=y)" (a=x)" V(! )

where
y=a’=x; z= b=y and ! = =z

Then it Is just a matter of algebra.
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De nition  De ne by H}, for all integern > 0O, the image
operator

a = lavlan lap; fn (ab)-pairg

= | apab ab

and forn =0 setH?, = |, the identity operator.

Lemma 3: The 2n fold image operatoH}, is equivalent to
the double image

Hgb = | b | (bn+1 =an) (14)
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"Proof' of Lemma 3

Hgb — | b I (bn+1 :an)
We prove the result by induction. First fan = 0, above reads
HY = 1p |, =1 (involution property).

n+l _ n
Hab = lap Hygp

I b I (bn+2 :an+1)

See our paper for detalls.
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An Interesting Corollary

For every integen > 0O

H abn = H Ba (15)

Proof. Formally replacingh by n in
Hab = 1ol (pn+1 zan)

gives

Habrl Ib I(a”:bn 1) = Iba |a| (an=b" 1); (Iaa— |)

n 1 _ n
| ba Hba — Mhpa
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Almost There

Lemma 4.

KE=(1 1 4) H s (16)
n= 1

Proof. We start with a factorisation of?.

Kg - (I | a)[l | b+ lba | bap* lbaba ]
= (see our paper for details)
R
= (11T a) Hpa
n=1
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Some Symmetries

Since
KE=K2 and H_"=H],

it follows that we also have the equivalent representations

) ) ps
Ka = (I | a) HQ\b:(I | a) Hga

n=1 n= 1

Ba:(l | b) gb

[
—~
O
v
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The Final Steps(1)

Using image properties of previous lemmas:

V(X; ) = KRU(x; )
s

[
~~
QO
~—r

Hap U(X; )

n=1

[Hpa I aHap]U(X )
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The Final Steps(2)

We then nd (mostly from Lemma 3)

On
HB UGG )= ™0 2 U2 )
and 2 b
la HRUOG )= ™r U@ *'=x; )

Subtracting the two terms above gives the result of the Main
Theorem.
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Double Barrier Calls(1)

AssumeA < k < B , then the payo function forU® is

US(x;0) = (x K)"I(A<X<B )
= (x KIx>k) (x KkI(x>B)

and the correspondinty“ (x; ) is given by

US(x; )= Cu(X; :k) Ck(x; ;B) (17)
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Double Barrier Calls(2)

where

O
~
~~
be
~—r

[

xN(d) ke " N(d%

4.0 = legk=E)A(r ;%)

Ck(X; ; ) Is the present value of a so-callgdp calloption of
strike pricek and exercise price.
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Double Barrier Puts(1)

AssumeA < k < B , then the payo function forU" is

UP(x;0) = (k Xx)"I(A<X<B )
= (k x)I(x>k) (kK x)I(x>A)

and the correspondinty® (x; ) is given by

UP(x; )= Pe(x; k)  Pu(x; ;A) (18)
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Double Barrier Puts(2)

where

o
=~
~~
be
~—
[

xXN( d)+ ke " N( d)

d:0 = legk=)A(r ;%)

Pk(X; ; ) Is the present value of a so-callegdp putoption.
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Double Barrier Call Computations

Kl-parameters
x =1000; =1=12; k=1000; r =0:05; =0:2
(;: )=(0:1; 0:1) diverging barriers
(: )=(0;0) at or constant barriers

(; )=( 0:1;,0:1) converging barriers
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Calls Divg: (; ) Convag:
A B |(0.1,-0.1) (0,00 (-0.1,0.1)
0 1 25.1207 25.1207 25.1207

400 1600 25.1207 25.1207 25.1207
500 1500 25.1207 25.1207 25.1207
600 1400 25.1207 25.1207 25.1207
/00 1300 25.1196 25.1187 25.1170
800 1200 24.8809 24.7568 24.5790
850 1150 23.2123 22.5367 21.6872
900 1100 16.1748 14.4023 12.5033
930 1070 8.5259 6.6861  4.9622

950 1050 3.3923 2.1462 1.1731
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Double Barrier Put Computations

Kl-parameters
x =1000; =1=12; k=1000; r =0:05; =0:2
(;: )=(0:1, 0:1) diverging barriers
(;: )=(0;0) at or constant barriers

(; )=( 0:1;0:1) converging barriers
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P uts Divg: (; ) Convg:

A B |(0.1-0.1) (0,00 (-0.1,0.1)
0 1 20.9627 20.9627 20.9627
400 1600 20.9627 20.9627 20.9627
500 1500 20.9627 20.9627 20.9627
600 1400 20.9627 20.9627 20.9627
700 1300 20.9627 20.9627 20.9627
800 1200 20.9518 20.9440 20.9312
850 1150 20.5242 20.3205 20.0401
900 1100 16.0030 14.7652 13.3584
930 1070 8.8902 1.2223 5.5842
950 1050 3.5324  2.3039 1.3080
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Understanding the Convergence

Parameters
K r
0:25 1000 005 (@20
a 0
850 1100 0:10 @10
142

Asymptotics let (d) = p2-€ 2

im USSP (x; )
x!If 0;1g

O( (d)=d)

d(x; ) Jlogx)=
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Understanding the Convergence(2)

Call Option U

O 1

500

1600
Stock Price x

1500

35

30

25

20

15

10

Put Option U

JIk

(0] 1

500

1050
Stock Price x

1500
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Concluding Remarks

Our formula is valid for arbitrary payo and exponential
barriers.

We have corrected a small technical error in the Kl (1992)
paper.

We have explained why the doubly innite series
representation of the price converges so rapidly for both
calls and puts.

Our approach requires no complex integrations, only some
algebraic properties of the image operator.
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