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Introduction(1)

De�nition: The Black-Scholes operatorL (with � = T � t)
is de�ned by

LV (x; � ) =
@V
@�

+ rV � rx
@V
@x

� 1
2�

2x2@2V
@x2

(1)

The corresponding BS-pde is de�ned to beLV = 0 .

For European derivatives:x > 0 and � > 0 with a speci�ed IV
V(x; 0) = f (x), the payo� function .
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Introduction(2)

Such initial value problems are generally easy to solve using the
Feynman-Kac formula

V (x; � ) = e� r� EQ f f (X T )jX t = xg (2)

where
X T = x expf (r � 1

2�
2)� + �B Q

� g (3)

and B Q
� is a Q-Brownian motion. Here,Q is the Equivalent

Martingale Measure.
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The Double Barrier Problem(1)

The problem we are going to solve is:

LV = 0; � > 0; a(� ) < x < b (� )
V = f (x); � = 0 ; A < x < B
V = 0; x = a(� ); x = b(� )

(4)

where
a(� ) = Ae�� and b(� ) = Be��

Think of a(� ); b(� ) as the current barrier levels andA; B as
the expiry barrier levels.
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The Double Barrier Problem(2)

� This problem describes a double knock-out barrier option
with exponential barriers and payo� functionf (x).

� If the asset pricex hits either barrier at any time prior to the
expiry date, the option expires worthless at that instant.

� Our aim is to solve this problem for a general payo� function
f (x) for all permissible parametersA; B; �; �; �; r .
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Images for Flat Barriers

Let V (x; � ) be any function ofx and � . Then the image ofV
wrt x = b (b > 0 constant) is de�ned to be the function

I bV(x; � ) = ( b=x)q V(b2=x; � ); q =
2r
� 2 � 1 (5)

If we think of I b as an image operator, then it is easy to see
that it satis�es the following three properties:
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Images properties

1. I b is an involution.
i.e. I � 1

b = I b or I 2
b = I , the identity.

2. Whenx = b, I bV = V
i.e. (I � I b)V = 0 :

3. Otherwise, ifx 6= b, x and the image pricey = b2=x always
lie on opposite sides of the barrier levelb.
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BS-Image Option
�
V(x; � )

Lemma: If V (x; � ) satis�es the BS-pdeLV = 0 with IV

V (x; 0) = f (x)

then
�
V (x; � ) = I bV(x; � ) satis�es the BS-pdeL

�
V = 0 with IV

�
V(x; 0) = I bf (x) =

�
f (x)

In operator language,L and I b commute.
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Method of Images for Flat Barriers

Theorem: [Method of Images]
Let Vb(x; � ) solve the (unrestricted) IV problemLVb = 0 with
initial valueVb(x; 0) = f (x)I (x<b ).

Then the solution of the (restricted) IBV problemLV = 0 in
x < b with V (x; 0) = f (x) and V(b; � ) = 0 is given by

V(x; � ) = Vb(x; � ) � I bVb(x; � ) (6)

for all � > 0 and x < b .
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Equivalent European Payo�

The U/O barrier option problem is essentially solved by an
equivalent European option (absent the barrier) with payo�:

V eq(x; 0) = f (x)I (x<b ) �
�
f (x)I (x>b ) (7)

The physical domainof the option isx < b . Once the price is
obtained, thevirtual domain x > b can be ignored.
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Images with Exponential Barriers

Lemma: If V (x; � ) satis�es the BS-pdeLV = 0 with initial
valueV (x; 0) = f (x), then

�
V (x; � ) = I bV(x; � ) = [ b(� )=x]q� V (b2(� )=x; � ) (8)

with
b(� ) = Be�� ; q� = 2( r + � )=� 2 � 1 (9)

solves the BS-pdeL
�
V = 0 with IV

�
V(x; 0) = ( B=x)q� f (B 2=x)
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MoI for Double Barriers(1)

Let U(x; � ) solve the (unrestricted) IV problem for the BS-
pde LU = 0 , with initial value U(x; 0) = f (x)I (A < x < B ).
Then the unique arbitrage free solution of DB-problem can be
expressed entirely in terms ofU(x; � ) and is given explicitly by
the doubly-in�nite sum

V(x; � ) =
1P

n = �1
� np n

�
(x=a)qn U(� 2n x; � )

� (a=x)pn U(a2� 2n =x; � )
	

(10)
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MoI for Double Barriers(2)

where

pn = nq� � (n � 1)q�

qn = n(q� � q� ) = pn + q�

� (� ) = b(� )=a(� ) = ( B=A)e( � � � ) �

(11)

Eqs (10) & (11) give the main result of our paper. �
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Proof of Main Result(1)

Lemma 1: Let Kb
a denote the doubly-in�nite sequence of image

operators

Kb
a = I � I a + I ba � I aba + I baba + � � �

� I b + I ab � I bab + I abab + � � �

Then the solution of the DB-problem is given by

V(x; � ) = Kb
aU(x; � ) (12)
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Proof of Main Result(2)

Intuition behind Lemma 1

� We subtractI aU from U to satisfy the BC atx = a;

� then we add a termI baU to satisfy the BC atx = b;

� but now the BC is no longer satis�ed atx = a so we subtract
a further termI abaU.

� We continue this process inde�nitely to obtain the �rst
in�nite sequence of images ofU.
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Proof of Lemma 1

1. V (x; � ) = Kb
aU(x; � ) obviously satis�es the BS-pde because

U and all its images do.

2. The BC's atx = a; b follow from the factorisations

Kb
a = ( I � I a)[I � I b + I ba � I bab + I baba � � � ]

= ( I � I a)Hba

Kb
a = ( I � I b)[I � I a + I ab � I aba + I abab � � � ]

= ( I � I b)Hab

and recall(I � I a;b)U(x) = 0 vanishes atx = a; b.

Double Barrier Options 16



Stoch. Anal. Workshop December 2007

Proof of Lemma 1 (cont)

3. The IC follows from

V (x; 0) = KB
A U(x; 0)

= U(x; 0) + image-sequencef U(x; 0)g

= f (x) for A < x < B

since, by de�nition of U(x; 0), its images wrtx = A and
x = B all vanish identically inside(A; B ). �
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Lemma 2

Let a = Ae�� ; b = Be�� and c = Ce
� where(A; B; C ) are
positive constants and(�; �; 
 ) are any constants. Then

I cba = I c � I b � I a = 
( A; B; C ) I d (13)

where


( A; B; C ) = A2=� 2( 
 � � ) � B 2=� 2( � � 
 ) � C2=� 2( � � � )

and

d = ac=b= De�� ; D = AC=B; � = � � � + 
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Proof of Lemma 2 (outline)

By de�nition of the image operator, we have

I cbaV(x; � ) = ( c=z)q
 (b=y)q� (a=x)q� V(!; � )

where
y = a2=x; z = b2=y and ! = c2=z

Then it is just a matter of algebra. �
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De�nition De�ne by H n
ab for all integer n > 0, the image

operator

H n
ab = I abI ab � � � I ab; f n (ab)-pairsg

= I abab��� ab

and for n = 0 set H 0
ab = I , the identity operator.

Lemma 3: The 2n� fold image operatorH n
ab is equivalent to

the double image

H n
ab = I b � I (bn +1 =an ) (14)
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`Proof' of Lemma 3

H n
ab = I b � I (bn +1 =an )

We prove the result by induction. First forn = 0 , above reads
H 0

ab = I b � I b = I (involution property).

H n +1
ab = I ab � H n

ab

= ...

= I b � I (bn +2 =an +1 )

See our paper for details. �
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An Interesting Corollary

For every integern > 0

H � n
ab = H n

ba (15)

Proof. Formally replacingn by � n in

H n
ab = I bI (bn +1 =an )

gives

H � n
ab = I b � I (an =bn � 1) = I ba � I aI (an =bn � 1) ; (I aa = I )

= I ba � H n � 1
ba = H n

ba �
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Almost There

Lemma 4.

Kb
a = ( I � I a)

1X

n = �1

H n
ba (16)

Proof. We start with a factorisation ofKb
a.

Kb
a = ( I � I a)[I � I b + I ba � I bab + I baba � � � ]

= ... (see our paper for details)

= ( I � I a)
1X

n = �1

H n
ba
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Some Symmetries

Since
Kb

a = Ka
b and H � n

ab = H n
ba

it follows that we also have the equivalent representations:

Kb
a = ( I � I a)

1X

n = �1

H n
ab = ( I � I a)

1X

n = �1

H n
ba

= ( I � I b)
1X

n = �1

H n
ba = ( I � I b)

1X

n = �1

H n
ab
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The Final Steps(1)

Using image properties of previous lemmas:

V (x; � ) = Kb
a U(x; � )

= ( I � I a)
1X

n = �1

H n
ab U(x; � )

=
1X

n = �1

[H n
ba � I aH n

ab] U(x; � )
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The Final Steps(2)

We then �nd (mostly from Lemma 3)

H n
ba U(x; � ) = � np n

� x
a

� qn
U(� 2n x; � )

and
I a � H n

abU(x; � ) = � np n
� a

x

� pn
U(a2� 2n =x; � )

Subtracting the two terms above gives the result of the Main
Theorem. �
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Double Barrier Calls(1)

AssumeA < k < B , then the payo� function for UC is

UC (x; 0) = ( x � k)+ I (A<X <B )

= ( x � k)I (x>k ) � (x � k)I (x>B )

and the correspondingUC (x; � ) is given by

UC (x; � ) = Ck (x; � ; k) � Ck (x; � ; B ) (17)
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Double Barrier Calls(2)

where

Ck (x; � ; � ) = xN (d� ) � ke� r� N (d0
� )

�
d� ; d0

�

�
=

log(x=� ) + ( r � 1
2�

2)�
�

p
�

Ck (x; � ; � ) is the present value of a so-calledgap calloption of
strike pricek and exercise price� .
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Double Barrier Puts(1)

AssumeA < k < B , then the payo� function for UP is

UP (x; 0) = ( k � x)+ I (A<X <B )

= ( k � x)I (x>k ) � (k � x)I (x>A )

and the correspondingUP (x; � ) is given by

UP (x; � ) = Pk (x; � ; k) � Pk (x; � ; A) (18)
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Double Barrier Puts(2)

where

Pk (x; � ; � ) = � xN (� d� ) + ke� r� N (� d0
� )

�
d� ; d0

�

�
=

log(x=� ) + ( r � 1
2�

2)�
�

p
�

Pk (x; � ; � ) is the present value of a so-calledgap putoption.
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Double Barrier Call Computations

KI-parameters:

x = 1000; � = 1=12; k = 1000; r = 0 :05; � = 0 :2

� (�; � ) = (0 :1; � 0:1) diverging barriers

� (�; � ) = (0 ; 0) 
at or constant barriers

� (�; � ) = ( � 0:1; 0:1) converging barriers
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Calls Divg: (�; � ) Convg:
A B (0.1,-0.1) (0,0) (-0.1,0.1)
0 1 25.1207 25.1207 25.1207

400 1600 25.1207 25.1207 25.1207
500 1500 25.1207 25.1207 25.1207
600 1400 25.1207 25.1207 25.1207
700 1300 25.1196 25.1187 25.1170
800 1200 24.8809 24.7568 24.5790
850 1150 23.2123 22.5367 21.6872
900 1100 16.1748 14.4023 12.5033
930 1070 8.5259 6.6861 4.9622
950 1050 3.3923 2.1462 1.1731
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Double Barrier Put Computations

KI-parameters:

x = 1000; � = 1=12; k = 1000; r = 0 :05; � = 0 :2

� (�; � ) = (0 :1; � 0:1) diverging barriers

� (�; � ) = (0 ; 0) 
at or constant barriers

� (�; � ) = ( � 0:1; 0:1) converging barriers
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P uts Divg: (�; � ) Convg:
A B (0.1,-0.1) (0,0) (-0.1,0.1)
0 1 20.9627 20.9627 20.9627

400 1600 20.9627 20.9627 20.9627
500 1500 20.9627 20.9627 20.9627
600 1400 20.9627 20.9627 20.9627
700 1300 20.9627 20.9627 20.9627
800 1200 20.9518 20.9440 20.9312
850 1150 20.5242 20.3205 20.0401
900 1100 16.0030 14.7652 13.3584
930 1070 8.8902 7.2223 5.5842
950 1050 3.5324 2.3039 1.3080
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Understanding the Convergence

Parameters
� k r �

0:25 1000 0:05 0:20
a b � �

850 1100 � 0:10 0:10

Asymptotics: let � (d) = 1p
2�

e� 1
2d2

lim
x !f 0;1g

UC;P (x; � ) = O(� (d)=d)

d(x; � ) = j logxj=�
p

�
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Understanding the Convergence(2)

500 1000 1500
0

1

2

3

4

5

6

7

8

9

10

Stock Price x

Call Option U

·
0

·
0

·
-1

·
-1

·
1

·
1

500 1000 1500
0

5

10

15

20

25

30

35
Put Option U

Stock Price x

·
0

·
0

·
-1

·
-1

·
1

·
1

Double Barrier Options 36



Stoch. Anal. Workshop December 2007

Concluding Remarks

� Our formula is valid for arbitrary payo� and exponential
barriers.

� We have corrected a small technical error in the KI (1992)
paper.

� We have explained why the doubly in�nite series
representation of the price converges so rapidly for both
calls and puts.

� Our approach requires no complex integrations, only some
algebraic properties of the image operator.
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