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SUMMARY

Identifying explosive bubbles under the influence of their periodically collapsing
property has long been a concern in bubble testing literature. In this paper, we
argue that the sup Augmented Dickey-Fuller (ADF) test (Phillips, Wu and Yu,
2009), which implements a right-tail ADF test and a sup test on a forward expanding
sample sequence, is sensitive to the sample starting point when there are more than
one bubble collapsing episodes within the sample range. To surmount this pitfall
we propose an alternative method named augmented sup ADF test, which amplifies
the sample sequence by varying the sample starting point within its feasible range.
This test improves the power of the bubble testing method significantly. We then
apply both tests to the Hong Kong stock market from October 1980 to April 2009.
The augmented sup ADF tests find evidence of explosive behavior in the Hang Seng

Index, whereas, the sup ADF tests suggest the opposite.
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1 INTRODUCTION

The literature on the identification of rational bubbles from market fundamentals
stems from the Lucas asset pricing model. Most econometric tests of bubbles, namely,
the cointegration based tests (Diba and Grossman, 1988), the West’s two-step tests
(West, 1987), the variance bounds tests (Shiller, 1981, LeRoy and Porter, 1981) and
the intrinsic bubbles tests (Froot and Obsterfeld, 1991), begin with the following

equation (for an overview of econometric tests of bubbles, see Gurkaynak (2008)):
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where P, is the after-dividend price of the asset (i.e stock price), and D is the payoff
received from the asset (i.e. dividend), r is the risk-free interest rate. B; defines the

bubble component, which has an explosive property
B¢ (Bi1) = (1 +7¢) B (2)

This equation implies that bubbles cannot pop and restart (Diba and Grossman,
1998). Provided that negative asset prices are impossible (Tirole, 1982; Wu, 1997),
a multiplicative form between B, and &; is more reasonable than an additive form.
That is, B;11 = (14 ry) Bigys1, where E (¢,) = 1. Therefore, if B, equals zero at

time ¢, it will stay at zero for all future periods.

However, Evans (1991) argues that it is possible that bubbles collapse to a non-zero
value and continue to grow at some explosive rate depending on the bubble size.
Furthermore, Evans (1991) shows via simulation that the conventional cointegration
based test, which relies on a right-tail unit root test (with an explosive alternative

hypothesis), is incapable of detecting the explosive bubbles under the influence of

the periodically collapsing property.

2 Blanchard (1979) also notes the periodically collapsing property of bubbles.



This argument led to a number of papers which propose bubble testing methods that
have some power in detecting periodically collapsing bubbles. One of the prevalent
methods is the sup ADF test (or the forward recursive ADF test) put forward by
Phillips, Wu and Yu (2009, PWY hereafter). They propose to implement the unit
root test repeatedly on a forward expanding sample sequence and make inference
based on the sup value of the corresponding ADF statistic sequence. They show
that, compared to the conventional stationarity test, the sup ADF test improves the

power significantly in the presence of periodically collapsing bubbles.

In this paper, we argue that the testing value of the sup ADF test relies greatly on
the starting points of samples. Namely, if the starting point of a sample is selected
so that the sample includes more than one bubble collapsing episodes, the test may
fail to reveal the existence of bubbles. To overcome the pitfall of the sup ADF test,
we propose an alternative method named augmented sup ADF test. The augmented
sup ADF test is also based on the idea of repeatedly implementing the ADF test;
however, it extends the sample sequence to a more extensive range. In addition to
the forward expanding sample sequence where the starting points of samples are the
same (namely, the first observation of the total sample), the augmented sup ADF
test magnifies the sequence by considering the starting point of each sample over a
feasible range. Consistent with the sup ADF test, the sample sequence is designed (i)
to capture the explosive phase within the total sample and (ii) to ensure that there
are sufficient observations to achieve estimation efficiency. Therefore, the augmented
sup ADF test, which has a more extensive sample range, is expected to outperform
the sup ADF test in finding the most explosive phase with the total sample given
identical smallest sample size. The asymptotic distribution of the augmented sup

ADF statistic is then compared to that of the sup ADF test.

The improvement of the augmented sup ADF test over the sup ADF test is demon-
strated by performing both tests on a simulated asset price series. Furthermore,
based on the Lucas asset pricing model and the Evans’ bubble model, we calculate

the powers of these two methods, which show significant gain in the augmented sup



ADF test. We then apply the sup ADF test and the augmented sup ADF test to
the Hong Kong stock market from October 1980 to April 20009.

The outline of this chapter is as follows. Section 2 discusses the rationale of the
conventional cointegration based bubble test. The sup ADF test and the augmented
sup ADF test, along with the asymptotic distribution of the sup ADF statistic and
the augmented sup ADF statistic, are described in Section 3. Section 4 explores
the sensitivity of the sup ADF test to the starting point of the estimation sample
via experimenting on simulated asset prices. We then implement the augmented
sup ADF test on the same simulated data series to show the advantage of the test.
Power comparison is conducted in section 5. The application of these tests to the

Hong Kong Stock index is in section 6. Section 7 concludes the paper.

2 THE CONVENTIONAL COINTEGRATION BASED TEST

Based on the explosive property of bubbles, Diba and Grossman (1988) recommend
the strategy of using the stationarity test for the logarithmic asset prices and ob-
servable market fundamentals, such as the logarithmic dividends. The conventional
stationarity test relies on the Augmented-Dickey-Fuller test?® with an explosive al-

ternative hypothesis. Consider the model

k
Ay =+ By + Y Villy; + & (3)

i=1
where y; is the logarithmic asset prices or the logarithmic dividends. g; ~ N (0, 0?)
and k is the number of lags. The significance test (Ng and Perron, 2001) is used to
determine the lag order. The null hypothesis is: f = 0, which implies that y; is a
unit root process (Ay, is stationary). The alternative hypothesis is § > 0, meaning

that y; is explosive (Ay, is non-stationary).

3 Also the Phillips-Perron test (Phillips and Perron, 1988).



When there is no bubble in the market, equation (1) implies

(1= p)pl — pePd, = k + P i P'E¢ [Adyyj], (see Appendix A1)  (4)
j=1

where p, = log(P,) and d; = log(Dy). p = (14+7;) " and &k = (p—1) (1 —p) +
peg_ﬁ (1 — J), where p and d are respective sample mean of p; and d;. This equation
manifests the rationale of the cointegration based bubble tests. If the first order
difference of the logarithmic dividend Ad; is stationary, p; and d; should be coin-
tegrated with vector [(1 — p), —pe®?] in normal market states. Due to the possible
presence of unobservable market fundamentals, such as intangible capital (Li, 2005),
we cannot conclude the existence of bubbles by evidence of nonstationarity in the
first order difference of the asset prices Ap;. However, the reverse inference can be
established. Namely, if no evidence of nonstationarity is found, the possibility of

bubbles can be ruled out.

3 THE SUP ADF TEST AND THE AUGMENTED SUP ADF TEST

Suppose the regression sample starts from the r{* fraction of the total sample and
ends at fraction Tgh, where ro = r; + 1, and r,, is the fraction of the sample size in
the regression. The number of observations in the regression is T, = [T'r,,| , where [.]

signifies the integer part of its argument and 7T is the total number of observations.

The sup ADF test proposed by PWY implements the ADF test repeatedly on a
forward expanding sample sequence. The starting point r; of the sample sequence is
fixed at 0, so the ending point of each sample r, is equal to r,. The sample window
T expands from 7 to 1, where ry is the smallest sample window (selected to ensure
the estimation efficiency) and 1 is the largest sample window (total sample size).
which is the largest ADF
statistic of the sequence {ADF,,}, .., - It is denoted as SADF" . Under the null

The sup ADF statistic is defined as sup, ¢, 1) ADE;

w )

hypothesis that the true process is a random walk without a drift, the asymptotic



distribution of the sup ADF statistic is

rw [ Jo WAW = S| = [ WdrW (r,,)
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where W is the standard Wiener process (see appendix C.1 for the proof).

Compared to the sup ADF test, the augmented sup ADF test extends the sample
sequence to a more extensive range. Besides expanding the sample window r,,, the
augmented sup ADF test allows the sample starting point r; to vary within its feasi-
ble range, which is from 0 to 1 —r,,. The regression starts from the first observation
when r; = 0 and when r; = 1—r,, the regression sample covers the last observation.
The respective ADF statistic is denoted as ADF». We define the augmented sup
ADF statistic as the largest ADF statistic over the feasible ranges of r, and ry,
denoted as ASADF. That is,

ASADF = sup { sup ADF[;”},

rw€lro,1] (r1€[0,1—ry]

and the corresponding window size of the ASADF is referred to as the optimum

. -
window size 77, namely

r, = arg sup { sup ADF:;”}.
rie

rwé€(ro,1] [0,1—7w]

Under the null hypothesis that the true process is a random walk without drift, the
asymptotic distribution of the augmented sup ADF statistic is (see appendix C.1)

ru (72 WAW — Jr, | = [72W (r)dr. W (ry) = W (ry)]

sup sup V7
recmlrco il v g wear = [ war])

It is well known that the Wiener process has independent increments with distribu-
tion W (ro) — W (r1) ~ N (0,7,) . We can then infer that the augmented sup ADF
test nests the sup ADF test.



Suppose the true process is a random walk with drift, then the asymptotic distri-
butions of both the sup ADF statistic and the augmented sup ADF converge to the
standard normal distribution. Thus, SADF and ASADF can be compared to the
usual ¢ table for an asymptotic valid test (see appendix C.2 for the proof).

In practice, 1y is inversely related to the total number of observations 7. If T is
small, ro needs to be large enough to achieve estimation efficiency. If T is large,
ro can be set to be a smaller number so that we will not miss any opportunity to

capture the most explosive phase.

Table 1. The asymptotic critical values of the ADF tests with constant (true process is a
random walk without drift)

ADF SADF ASADF
Stationary Alternative Hy : f <0
1% -3.47 -2.64 -4.98
5% -2.89 -2.11 -2.80
10% -2.59 -1.70 -1.73
Explosive Alternative Hy : § > 0
10% -0.46 0.51 7.39
5% -0.11 0.81 10.30
1% 0.56 1.32 13.16

Note: The number of discrete points /N is 5000. The smallest sample fraction rg
for the sup ADF statistic and the augmented sup ADF statistic equals 0.1.

To obtain the asymptotic critical values of the ADF statistic distributions under the
null hypothesis that the true process is a random walk, we resort to simulations. One
of the key steps is to simulate the standard Wiener process. Since the Wiener process
is continuous and stochastic, we can only generate a path sampled with a finite
number of points. Suppose t1,ts,--- ,ty are equally spaced within a finite interval.
At each point, we generate a Gaussian random variable with mean 0 and variance
1/N. The value of W (r) is the sum of the first 7 increments. The asymptotic critical
values under the null hypothesis that the true process is a random walk without
drift are displayed in Table 1. The simulated asymptotic critical values for the ADF
test are consistent with those in Fuller (1996, Table 10.A.2). The right-tail critical



values of the augmented sup ADF test are larger than these of the sup ADF test.

4 SIMULATION STUDY

In this section, we first simulate an asset price series based on the Lucas asset
pricing model and the Evans’s bubble model. The simulated data series is featured
by more than one bubble collapsing episodes. Then, we implement the sup ADF
test on the whole sample range. To illustrate the instability of the sup ADF test, we
repeat the test on a sub-sample which contains fewer spires. Furthermore, to show
the advantage of the augmented sup ADF test, we conduct the test on the same
simulated data series (with the whole sample range). Test results from these three

experiments are then compared.

The simulated asset prices are constituted by a market fundamental component
Ptf , which combines a random walk dividend process and the Lucas asset pricing

equation? (see Appendix A.2)

Dy =pu+ Dy +epepr ~ N (07 U2D) (5)
pl=—Ht L+ P p 6
R R "

and a bubble component proposed in Evans (1991)

Bii1 = p 'Biepyy1, if By <b (7)
By = [C + (7p) " 011 (By — PC)} epyt1, if By >b (8)

4 An alternative data generating process, which assumes that the logarithmic dividend is
a random walk with drift, is as follows:
InD; = p+InDy 1 +ep,e0 ~ N (0,07)
f_ _pexp (i 307)
b= 12
1L—pexp (1 + 507)

t-
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Fig. 1. Simulated data with sample size=400

which has the property that E,(B;41) = (1+17y) B;. p is the drift of the divi-
dend process, 0% is the variance of the dividend, p™* = 1 +7r; > 1 and g5, =
exp (y; — 72/2) with y; ~ NID (0,72). ¢ is the remaining size after the bubble col-
lapse. 0, follows a Bernoulli process which takes the value 1 with probability = and 0
with probability 1 — 7. That is, 6, takes the value 1 if the bubbles survive at period
t; otherwise, it takes 0. Equation (7) states that a bubble grows explosively at rate
p~! when its size is less than b; If the size is greater than b (equation (8)), the bubble
grows at a faster rate ((7p)~" > p~!) but with 1 — 7 probability of collapsing.

We set parameters in the data generating process as in Evans (1991): By = 0.5, =
1,7 = 0.85,¢ = 0.5, p = 0.952,7 = 0.05,u = 0.0373, Dy = 1.3, and 0% = 0.1574.
Stock prices are then calculated as the sum of the market fundamental component
and the bubble component: P, = P/ +20B; as in Evans (1991). Sample size T is set
to 400. Figure 1 depicts one realization of the data generating process. As we can
observe from this graph, there are four obvious spires within the sample. Those spires

are either results of bubbles collapsing or bubble-like volatilities in asset prices.

We first implement the sup ADF test over the whole sample. Since the data generat-
ing process involves a constant term, we compare the sup ADF statistics to critical
values simulated under the null hypothesis that the true process is a random walk
with drift as displayed in Table 2. These critical values are obtained from 5,000
Monte Carlo simulations with 400 observations. In performing the sup ADF regres-

sions and calculating critical values, the maximum lag order is set to 12 and the



Table 2. Critical values of the ADF tests with constant (true process is a random walk
with drift)

ADF SADF ASADF
Stationary Alternative H; : k < 0
1% -2.92 -0.45 1.67
5% -2.16 0.07 2.11
10% -1.75 0.33 2.34
Explosive Alternative Hy : k > 0
10% 0.88 2.49 4.39
5% 1.26 2.85 4.75
1% 1.99 3.54 5.52

Note: critical values of both tests are obtained from 5,000 times Monte Carlo Sim-
ulation with sample size 400. The maximum lag order is set to 12. The smallest
sample has 40 observations (ro = 0.1).

smallest window size ry considered is 0.1. The 5% right-tail critical value of the sup
ADF test is equal to 2.85. The ADF statistic sequence is displayed in Figure 2 and
the peak of the ADF statistics is the defined sup ADF statistic, which is 1.20. We

conclude from the sup ADF test that there are no bubbles in this sample.

Suppose the sup ADF test starts from the 201" observation, which is right before the
two largest spires. The sup ADF statistic obtained from this sample (with ry = 0.2)
is 6.47, which is greater than 2.85.5 Thus, we confirm the existence of bubbles. The

respective ADF sequence is displayed in Figure 2.

As we can see, the sup ADF test fails to reveal the existence of bubbles when the
whole sample is utilized, whereas, by re-selecting the starting point of the sample to

exclude spires before the largest one, it manages to confirm the existence of bubbles.

Both experiments above can be viewed as special cases of the augmented sup ADF
test, where the sample starting points are fixed. In the first experiment, the sample
starting point of the augmented sup ADF test r is set to 0. The sample starting point

r1 of the second experiment is fixed at 0.502. The conflicting results we obtained

> From 200 observations, the 5% critical value obtained from Monte Carlo simulation with
5,000 replications is 2.68 (19 = 0.2).
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Fig. 2. The sup ADF test
(a) Sample: 1 to 400 with rg = 0.1
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from these two experiments also demonstrate the importance of a varying starting

point in the augmented sup ADF test.

Fig. 3. The augmented sup ADF test
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We then apply the augmented sup ADF test to the simulated asset prices. The

optimum window size is 65 upon considering the sequence of window size from 40 to

11



120.% From Table 2, the 5% right-tail critical value of the augmented sup ADF test
is 4.75, which is obtained from the Monte Carlo simulation with 5, 000 replications
(the window sizes considered are from 40 to 120). The augmented sup ADF statistic
of the simulated data is 7.35, which implies the existence of bubbles in the sample.
Figure 3 illustrates the ADF statistic sequence with the optimum window size.
Compared to the sup ADF test, the augmented sup ADF identifies bubbles without

mining the sample starting point, which is an obvious improvement. ”

Notice that both the sup ADF test and the augmented sup ADF test are tests of the
explosivity of the largest spire within the sample range. Therefore, only the peak of
their ADF statistic sequences can be compared to the respective 5% critical value.
To explore the significance of the second highest ADF statistics in the sequences, we
need critical values for the second largest ADF statistics or exclude the largest spire
from the sample range. The same argument applies to other spires in the sample
range. Therefore, we cannot conclude that the rest of the spires in the simulated
data series are not explosive simply based on the sup ADF test or the augmented

sup ADF test.

5 POWER AND SIZE COMPARISON

This section compares the powers and sizes of the sup ADF test and the augmented
sup ADF test. The basic idea of power comparison is to repeatedly generate data
series with explosive and periodically collapsing properties, and compare the pro-
portion of simulations for which the method draws the right conclusion that there

exists bubbles. For the size comparison, we need to repeatedly generate a data se-

5 To improve the computation speed, the maximum window size is set 0.3 (=120/400)
instead of 1. The maximum window size normally can be set according to the feature of
respective data series.

7 We observe similar phenomenon from the alternative data generating process where
the logarithmic dividend is a random walk with drift. Parameters in the alternative data
generating process are set as in Hall et al. (1999): By = 0.5, = 1,7 = 0.85,( = 0.5,p =
0.952,7 = 0.05, 4 = 0.013, Dy = 0.26, 0%, = 0.016, and P, = P{ + 250B,.
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ries without bubbles, and compare the proportions of the simulations for which the

method draws the wrong conclusion that there exists bubbles.

The data generating process of the power comparison is the same as the simulation
in section 4, which is the summation of a market fundamental component and a
bubble component. The data generating process of the size comparison is based on
equation (5) and equation (6), which is the market fundamental component. The
critical values of the sup ADF test and the augmented sup ADF test are displayed
in Table 2.

Table 3. Powers and Sizes of the ADF tests (obs.=400)

ADF SADF ASADF
Power 0.02 0.67 0.85
Size (5%) 0.022 0.018 0.023

Note: the number of iterations for power and size calculation equals 1000. The
smallest sample has 40 observations (ro = 0.1).

The number of iterations for power and size calculations are 1,000. The explosive
alternative is tested at the 5% significance level. The sample size equals 400. The
smallest samples of both tests are set the same as these in calculating respective

critical values, which are both set to have 40 observations.

Table 3 depicts the calculated powers and sizes of these methods. As shown in Evans
(1991), the conventional ADF test performs poorly in the presence of periodically
collapsing bubbles. We confirm the power improvement of the sup ADF test as in
PWY. The augmented sup ADF test which is proposed to overcome the pitfall of the
sup ADF test increases the testing power from 0.67 to 0.85. Furthermore, there is
no significant difference in the sizes of these three different methods at the 5% level.
Thus, we conclude that the augmented sup ADF test performs better in revealing

the existence of explosive behavior. 8

8 Powers of the ADF test, the sup ADF test and the augmented sup ADF test with
sample size 400 under the alternative data generating process, where we assume that the
logarithmic dividend is a random walk, are 0.142, 0.914 and 0.957 respectively.

13



Table 4. Powers and Sizes of the ADF tests (obs.=200)

ADF SADF ASADF
Power 0.03 0.50 0.62
Size (5%) 0.014 0.021 0.026

Note: The 5% critical values are obtained from 5,000 times Monte Carlo simula-
tions with sample size 200, which are 1.09, 2.82 and 4.30 for the ADF test, sup
ADF test and the augmented sup ADF test respectively. The number of iterations
for power and size calculation equals 1000. The smallest sample has 40 observa-
tions (19 = 0.2).

Similar power and size patterns are observed in Table 4, where the sample size is
200. The powers of the sup ADF test and the augmented sup ADF test decrease with
the sample size; nevertheless, the power of the augmented sup ADF test remains
higher than the sup ADF test. The size difference between the sup ADF test and

the augmented sup ADF test again is not significant.

6 APPLICATION: HONG KONG STOCK MARKET

Our data is sampled monthly over the period from October 1980 to April 2009,
constituting 343 observations. The data comprises the Hang Seng Index (HSI) and
the consumption price index. The Hang Seng Index is downloaded from Datastream
International. The consumption price index (October 2004-September 2005 =100)
is obtained from the Hong Kong Monetary Authority. The consumption price index

is used to convert the stock prices into real series.

Fig. 4. Real Hang Seng Index sampled from January 1980 to April 2009. It is normalized
to 100 at the beginning of data series.
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Figure 4 illustrates the fluctuation of the real Hang Seng Index during the data
period. It is normalized to 100 at the beginning of the data series. As we can see
from the graph, the real Hang Seng Index fluctuates throughout the sample range.
It is extremely volatile in the nine years spanning from 1994 to 2002 due to the 1997
Asian financial crisis. A considerable increase occurred from April 2003 to a peak
that is 6.97 times bigger than the starting point of the series on November 2007. The
real Hang Seng Index, then dropped quickly to a level of 2.65 times of the starting
point at March 2009, which obviously related to the subprime crisis.

Table 5. The sup ADF test and the augmented sup ADF test of the logarithmic real Hang
Seng Index

SADF ASADF
Log real HSI 1.25 5.02
Stationary Alternative H; : § < 0
1% -1.24 1.19
5% -0.80 1.65
10% -0.57 1.94

Explosive Alternative Hy : § > 0

10% 1.55 4.57
5% 1.94 5.19
1% 2.85 6.71

Note: The optimum window of the logarithmic real Hang Seng Index has 37 ob-
servations. Critical values of both tests are obtained from 5,000 times Monte Carlo
with sample size 343 under the null hypothesis that the true process is a random
walk without drift. The smallest window is set to have 34 observations.

We apply the sup ADF test and the augmented sup ADF test to the logarithmic real
HSI. Critical values of these two tests are displayed in Table 5, which are obtained
from 5,000 times Monte Carlo simulation under the null hypothesis that the true
process is a random walk without drift. In both performing the ADF regressions
and calculating the critical values, the maximum lag order of the significance test is

set to 12 and the smallest sample considered has 34 observations.

From Table 5, the sup ADF statistic of the logarithmic real Hang Seng Index is 1.25,
which is smaller than the 10% right-tail critical value 1.55 and greater than the 10%

15



critical value for the stationary alternative of the sup ADF test -0.57. Based on the
sup ADF test, we conclude that the logarithmic real Hang Seng Index is a unit root.
The augmented sup ADF statistic of the logarithmic real Hang Seng index is 5.02,
which is greater than the respective 10% critical value of the explosive alternative,
4.57. Tt implies that the Hang Seng Index is found to be explosive based on the
augmented sup ADF test, which contradicts the result from the sup ADF test.

7 CONCLUSION

The sup ADF test, also referred to as forward recursive ADF test, implements the
ADF test repeatedly on a sequence of forward expanding samples. The augmented
sup ADF test can be viewed as a rolling window ADF test with a double-sup opti-
mum window selection criteria® . That is, we select an optimum window size using
the double-sup criteria and implements the ADF test repeatedly on a sequence of
samples, which moves the optimum window frame gradually toward the end of the
sample. By experimenting on a simulated asset prices, we show the pitfall of the sup
ADF test — incapability in finding bubbles when many spires exist in the sample
range. In contrast to the sup ADF test, the augmented sup ADF test is able to
surmount this problem and is shown to significantly improve the power of finding

bubbles.

We apply both the sup ADF test and augmented sup ADF test to the Hang Seng
Index from October 1980 to April 2009. The 1997 financial crisis results in many
spires in the Hang Seng Index before the prices soared in 2006 and subsequently
crashed in 2007 (the well-known subprime crisis). This is similar to the scenario
that we described that highlights the pitfall of the sup ADF test. The test results
are consistent with our expectation. The augmented sup ADF suggests the existence

of explosive behavior in the Hang Seng Index, whereas, the sup ADF test does not.

9 First, we calculate the sup value of the ADF statistic over the feasible ranges of the
window starting points for a fixed window size. Then, we calculate the sup value of the
sup ADF statistic over the feasible range of window size.
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A A SIMPLE ASSET PRICING MODEL

Consider a simple asset pricing model where risk-neutral investors choose between
consumption and holding a risky asset. Suppose there exists a risk-free interest rate

7¢, the period-to-period arbitrage condition for the asset is'°
P, = pE¢ (Piy1 + Diya) (A1)

where p = (1+7;)"", P, is the after-dividend price of the asset (i.e stock price),
and Dy is the payoff received from the asset (i.e. dividend).

Iterating equation (A.1) forward, we can obtain
P, => pEDy.; +j1g£10 PEi (Pry) (A.2)
j=1
The first component of equation (A.2) is defined as the market fundamental of the

asset prices Ptf and the second component is defined as the bubble component B;.

Those are,
Pl =Y pE.D,y; (A.3)
j=1
Jj—0o0

The conditional expectation of pB; 1 is

E; (pBiy1) = ]h_{glo P Ey [Bi1 Prysy]

— T it
= lim p"" " E Py
]_>OO

= lim p*E Py = By
k—oo

Therefore, we have E, (By41) = (14 rf) B;.

0By imposing these restrictions, we illustrate a simplified version of the cointegration
relationship between stock prices and dividends. For a general description see Campbell
and Shiller (1998).
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A.1 THE COINTEGRATION RELATIONSHIP

Define p; = In P, and d; = In D,, equation (A.1) can be rewritten as
e’ = pE, [ept+1 + edt“}
Applying the Taylor series expansion at the sample mean p and d,
e = K+ pE, [Pt+1 + eJ—del}

where & = (p— 1) (1 — p) + pe®P (1 - CZ) . By iterating forward, we can get:

P n (Lt pt pP )+ 20 0B (e Pdyy) + lim o7 (i)

Jj=1

Since |p| < 1, so we can get

D = (ed_ﬁdtﬂ') + jlgglo P'Et (prs)

If there is no bubble in the market b; = 0; p; = p,{ . Then,

Dt = P{ ~ lip + ZP]Et (eg_ﬁdt+j)
=1

Multiplying both sides by (1 — p),
(1= )l = n+(1-p) iprt (cF7d,s,)
b=
=K+ i,ﬂ@t (" 7dy;) — i; PE (e Py s)
p= =
= K+ pBy (e Pdyy ) + i PE 77 (diyj — digja)]

=2

= Kk + pe?Pd, + pE, e [ d- ﬁAdtH] + iﬂjEt [e‘i_ﬁﬁdtﬂ]

=2

The last equation can be rewritten as

(1= p)pl — pe*Pd, = Z [Ddyyy].
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A.2 DATA GENERATING PROCESS: THE MARKET COMPONENT

Suppose dividend D; follows a unit root process with drift
Dy=pu+D;+e,e0~N (o,a%) :

Iterating backward, the dividend process can be rewritten as
J
Dt+j = j/L + Dt -+ thJri. (A5)
i=1
Combining equation (A.3) and equation (A.5), the market fundamental component

of asset price can be written as

=> PEDyy=py ji +> p’Di= HP +1p D;.
j=1 j=1 j=1 (1- P) -r

Suppose the logarithmic dividend follows a unit root process with drift
D, =p+InDy +¢e4,66~N (0,03) :
Iterating backward, the dividend process can be rewritten as

Dyyj = exp < Jp A+ Z 5t+z> (A.6)

Combining equation (A.3) and equation (A.6), the market fundamental component
of asset price can be written as
P/ = Y PEDyy; = ZP]Et [GXP (]M + Z €t+z) }
=1
1
= Zp’exp( o+ 29%) D,
~ pexp (n+403)
1— pexp (p+ 503)

t
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B PROPOSITIONS AND PROOFS

Proposition 1 Let u; = o (L)e; = X2g0e;j, where ¥32,7. [1;] < oo and {&;}
is an i.i.d sequence with mean zero, variance o2 and ﬁmte fourth moment. Define
Y = Sty us with yo = 0, 12 = 11 + 1y and v; = E(wity—j) = 02320 sthsyj for
7=0,1,2---. Then, we can calculate that

/T2 W (r)dW (r) — ;Tw

T1

[T’I‘Q} I
Z Y180 = 071 (1) {
t=[Tr1]
[TTQ]
(b) T7V2 3 & Ba (W (ry) — W ()]
t=[Tr1]
[Tr2] .
O T Y ya B oo [ Wy
t=[Tr1] "
_92 [Tr] 2 L o 2 [T2 2
DRV U C0) o )
t=[Tr1] ™
[Tr2]
Z Ut—j —> 0
t=[Tr1]
[T'r2]
(f) T73/2 Z Yt—1Ut—j £> Oaj = 07 17 T
t=[Tr1]

where W is the standard Wiener process.

Claim 1 y; = (1) X', s + 1 — 1o, where n;, = D020 QE—j, Mo = 2jog i€ —j and
aj = —(VYj11 + jse + -+ ), which is absolutely summable.

Please refer to Hamilton (1994, ch. 17 pp 534-535) for the proof.

Claim 2 % ZETEWI] e2 b ry.0?

Since [T””] — 1y as N — 00, so by the law of large numbers,
1 [Tra] [Tr,, [Tro]
T Z gt T [ Z €t RS TwO

t=[Tr1] t=[Tr1]

Claim 3 VTXy () & oW (), where Xy (r) is the sample mean of the first r'™

fraction of observations {5t}tT:1 .



Define a random walk process Z,_1 = Y.~} &, then Xr (r) = 7 ELTTl €s = T2Tm]-

For any given realization, Xz (r) is a step function in r, with

0 for0§r<%

Zofor 1 <r< 2

Z
= forr=1
By the definition of X7 (r),
i [Tr] 1 (T7]

VT X7 (r

\/_ Y T7] 2o

o 1 ] L o ae /177
By the central limit theorem, NG Ye=1€s = N(0,0%). Since Y= — /7 when
T — o0, so VT X7 (r) & N(0,r0?). By the functional central limit theorem, we

have

ﬁXT(’j(') LW () or VTXy ()5 oW ()

where W is the standard Wiener process.

Claim 4 172, 5 o [W (r)]* and 128, 5 o® [W (r2)]*, where Zirry = S0 e,
and Zipy, = Z[Trz]

Define Sr (r) = [\/TXT (7“)}2 , which can be written as

0 f0r0§r<%

Z2

41 1 2
= for 7 <r <%

SN

forr=1



By Claim 3 and the continuous mapping theorem, we have

1
TZ[zTTl] St <T1> % o [W (7"1)]2
1 2

2ty = 51 (r2) 5 0* W ()]

Claim 5 T~ S0 St e ey B o? [[22 W (r) dW (1) — Lra] .

The definition of Z; implies that Z, = Z, 1 4+ ;. Summing Z; 1&; from [T'r;] to [T'rs]
and dividing by 7',

[Tr2] 11 11 11 [Tl

2 2 2

r o Boee= gt~ g pdie T o 2 S
7‘1] t—[T'rl]

Therefore, combining Claim 4 and Claim 2, we can get

1 [Tra] L1, ) ) e .
Tt:%;l] thlgt — 50 {[W (7’2)] - [W (T1)] — rw} =0 [/ﬁ W (T> dW (7”) o irw .

Claim 6 T~ Z[TWTTI] (-1 — o) et = 0 as T — oo.

Assumptions in the proposition ensure that {(n,—1 — 7o) &+ },~, is a martingale dif-

ference sequence with finite variance, so we complete the proof.

Claim 7 1/\/_< N —770>—>O as T — oo.

Assumptions in the proposition ensure that {n,_1 —1o},-, is a martingale difference

sequences with finite variance, so we complete the proof.

(a) From Claim 1, we have

[T’I‘Q] [TTZ] t—1
! Z Yroier =T Z (@/) (1) Z&s + N1 — 770) Et

t=[Tr1] t=[Tr1] s=1
[Tra] t—1 [Tra]
Yo dee+TH Y (1 — 1)
t=[Tr1] s=1 t=[Tr1]
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Therefore, by Claim 5 and Claim 6, we have

[Tr2] , ]
TN ez bt | [T eaw o) - ol
t:[TT‘l] T1
(b) From Claim 3,
[Tr2] .
T-1/2 Y a= VT (X1 (ry) — X ()] = o [W (r5) — W (r1)] .
tZ[TTﬂ

(c) Define My (r) = 1/T S, From the definition y, = St us, we can write

My (r) as
0 f0r0§r<%

il 1 2
7 ofor 7 <r <5

Yo forr=1

It follows that

VT My (r) = 1/\/Ty[TT]
[Tr]

=1/VT | (1) es+nre —mo| (from Claim 1)

s=1

(7]
= (1) (YVT) Y eo+ VT (nzm — o)

s=1

From Claim 3 and Claim 7, we can get

VTMy (r) 5 ¢ (1) oW (r).

Integrating /T My (r) from 7y to 7y,

"2 1 Yirr) Y[Trs] )
TMyp (r)dr = VT~ (YErl o Ynl
/n VT 7 (r)dr \/_T( T + -+ T
[TT2

] -
=T3? Z ysimb(l)a/ W (r)dr.

s=[Tr1] ™
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(d) Define Np (r) = {\/TMT (T)r. We can write N (r) as

0 for0§r<%

NS,

for%gr<%
Nr(r) =

forr=1

'ﬂ ‘ﬂ@m

Integrating r from ry to ro,

E L (e Yirry : 2
I R GRS | bl ) B Y
/7’1 NT(r)dr—T< Ty ) T2 Y 2

By the continuous mapping theorem,

[Tr2] 2 2
Ty b et |

(e) Since [TT“’] — 1y as N — 00, so by the law of large numbers,>"

[Tra] T [T'ro]
Zut]:[;w] Tra™ Y ey B B () = 0.
t=[Tr1] t=[Tr1]

Claim 8 T S yeoyuy 5 50 (1) 0 (W (12)]* = & (ra — 11) 7.

By definition of y;, = Z’;Zl us, we have

t:[Trl]

[TTQ] 1 [TTQ] T’r’l]
-1 Z Yp_1Up = 2T_ [Trz — Z u — Z u .
—1,.2 —1/2 2L 2
From part (d) , T~ "yip,,) = [T (u1 +- 4 u[T,nQ})] = 0% [W (r9)]” . Further,more,

[T'r2] ) [TTQ] 1 [T'rs2] )
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Therefore,
[T’I‘Q} 1

Z Yi—1 Uy L 22 (W (r2)]* = = (ra — 71) Y.
E 2 2
t—[T?”ﬂ
Claim 9 Forj=1,2,---,
[Tr2] ;1 ) 1 J
Z Yi—1Ui—j — ~o? [W (7“2)] -5 (7"2 - 7”1)70 +7”w2%—1-
t=[T'r1] 2 2 s=1

We observe that y,_1 = y—j_1 + 2;':1 u;_s, which implies that

1 TTQ] 1 [TTZ 1 Tr?] J
T Z Y—1Ut—5 = T Z yt —j—1Ut—j + f Z ZUt sUt—j (BQ)
t= [TT1]+] t= [T’r‘l] t= [TT1]+j s=1

From Claim 8, we have

[Tra] I 1 9 1
T_l Z Yt—j—1Ut—j — 50'2 [W (7"2)] — 5 (7’2 — 7"1) Yo-
t=[Tr1]+j
Since T~ ZLT?TTI 47 Zgzl Up—sUp—j —> Ty Zgzl Ys—1, equation B.2 converges to
[Tr2] 1 s 1 J
T > Y1t 5 o [W (ra)] —§(r2—7"1)70+7"w2%71-
t= [TT’ﬂ s=1
Combining with the fact that 7'~ ZtT?T]:; { Yo 1t = 0,
[Tr2] o1 ) 1 J
Z Yi—1Ut—j — 502 (W (r2)]” — 5 (1o = 71) Y0 + 7w Z%—l-
t=[TT1] s=1
(f) From Claim 8 and Claim 9, we have
(Tr2] [T'r2]
T-3/2 Z Ye_1Up—j = T2 Z Yi—1Ug—j RN 0, for j=0,1,---.
t=[TT1] t:[Trﬂ
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Proposition 2 Let u; = ¥ (L)e; = N32015e, 5, where X52,j. [1;] < 0o and {&;}
is an i.i.d sequence with mean zero, variance o2 and finite fourth moment. Define
Y = at + 22:1 Us with Yo = 0,79 =711+7s and Y= E (uttt—j) = o? Zgio wsws-f—j
for 3 =0,1,2---. Then, we can calculate that

[T'ra] [Tr2]
(@) T3 N e DT 3 a(t—1)e
t=[Tr1] t=[Tr1]
[T'r2] .
(b) T-1/2 Z er = o [W(rg) — W (r1)]
t:[T'r‘l]
[T'r2]
(c) T2 Z Y1 = =7y (r1 +12)
t=[Tr1]
[Tra] ~
a? 3 3
tz Vi E( _7”1>
[T?”l]
[T’I‘z
Z U— —j —> O
t= [T?"1]
[TT‘Q]
(f) T > w5 0,,5=0,1,--

t:[Trl]

(o)

[\

where W is the standard Wiener process.

Claim 10 & = ¥!_juy = ¢ (1) X, &5 + 1 — 1m0, where ny = Y320 ajer_j, Mo =
Yitoaze_j and a5 = —(Yj41 +Yj40 + -+ ), which is absolutely summable.

The proof is the same as Claim 1.

(a) From Claim 10, we have

Tr _ T’I‘ t—1
T 3/22£ [;} yt 1€t = T S/QZIE [;r < (t — 1) + ¢ ZES + 77t 1 — 770 Et
s=1

T—s/zziT?T At —1)e +o(1 T—3/2Z[Trz nggt

_ Tr
+T 3/22 2] (o1 — 1) &1

Therefore, by Claim 5 and Claim 6, we have

[Tre] [Tre]
T2 e BTN a(t-1)g
t=[Tr1] t=[Tr1]
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(b) The proof is the same as (b) in Proposition 1.

(¢) Define My (r) = 1/T S u,. Let & = ¥, us, we can write My (1) as

0 f0r0§r<%

3 1 2

%fOTT§T<T
MT(’/‘):

13 _

=+ forr=1

It follows that

VT My (1) = 1/\/T§[Tr]
(T7]

= 1/VT |4 (1) > es+nmry —mo| (from Claim 10)
s=1
(7]

(1) (1/VT) Zes + 1/NVT (nze) — o)
From Claim 3 and Claim 7, we can get
VT My (r) & ¢ (1) oW (r).

Integrating VT Mr (r) from r; to ro,

" oy L (Sl S
/ ﬁMT(r)dr—ﬁ.T< 7 + -+ T)

[Tr2] ”
—T32 % &5 0o /ZW(r)dr.
t= [T’I’l] 1
Since y; = at + &,
[Tre] [Tro] [T'r2]
Yy =T @477 > &
s=[Tr1] s=[Tr1] t=[T"r1]
alTry| ([Tra] + [Tr [Tr2]
ATl ), oo
2 s=[Tr1]
Q
LN 5T (r1+1m2)
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(d) Define Np (r) = {\/TMT (T)r. We can write N (r) as

0 for0<r< %
% for % <r< %
Nr(r) =
52
+  forr=1
Integrating r from 7y to ro,
2 L (& frrs P
N dr = — T e 2
;" v ) dr T<T+ T t_[ZTjgt
=[Tr1]
By the continuous mapping theorem,
[Tr2] o )
2 @helwr [P
t=[T'r1] ™
Then,
[TT‘Q] [T’I”Q [T’I”Q [TT’Q} &2
TNy =atT Y 24T Y g+2aT Y g B o (rf - )
t= [TTl] t= [Trl] t= [Trl] t= [TT'l} 3

(e) The proof is the same as (e) in Proposition 1.

Claim 11 7-3/2 ZtT[QT]T ] Ye1s L.

By definition of y; = & + y;—1 + us, we have

[T'rs2] 1 [Tr2]
Y opw =3 Y, {th —yi — & — 20y,1 — 2uG — Uﬂ
[TT’l] t:[TTl]
1 1 1 [T'r2] . . [T'r2]
= iy[z’frz} - 59[2%1]4 ) Z a’—a Z Yi—1
t=[Tr1] t=[Tr1]
[Tr2] [Tr1] 1 [T'r2] [Tr1]
- Zus > u —3 Sw-> ul|.
s=1 s=1 s=1
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From part (d), we know T-'¢%, , = [T—l/2 (U1 4t U[Trg})} L o2 [W (ry)]2. So,
T2y, = T2 {@ [Tra]” + 26 [Tra] + &y | 5 6713,

Similarly, we can get

- Qy[Trl] | @t

From part (¢), T— ZtT”T]m] Y1 = Sry, (1 +12) . Also,

[Tr2) [T?” ] 1 [Tra]
T—l 2 — 2 2 £>
2T [

[Tr1] ) [Tﬁ] 1 [Tr1]

Therefore,
[TTQ]

T2 Z Y1ty = &% (114 173) (rg — 11 — 1) = 0
t=[Tr1]

Claim 12 Forj=1,2,--, T2y que; 5 0.

We observe that v,y = & (j + 1) +y—j—1 + S, s, which implies that

[Tr2] [Tre] 7
T > yaw; =T > |a(+1) +yjor+ > | uj
t=[Tr1]+j t=[Tr1]+j s=1
[Tr2] [Tra]
- T_2 Z & (j + 1) Ut—j + T_2 Z yt —j—1Ut—j
t=[Tr1]+j t=[Tr1]+j
[Tra] i
‘l— T_2 Z Z Up—sUt— —j (B3>
t=[Tr1]+j s=1

From Claim 11, we have

[TTQ]

— L
T 2 Z Yt—j—1Ut—j — 0.
t=[Tr1]+j

Since T~ ZETE‘H I+ S, Up—sUp—j —> Ty S 7s_1, equation (B.3) converges to

[Tr2]

T72 Z Yt—1Ut—j £> 0

t=[Tr1]+j
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Combining with the fact that 72 Zﬂ}]fj Y1 5 0,

[Tre]

T_2 Z Yr—1Ut—j £>O
t:[T’r‘l]
(f) From Claim 11, and Claim 12, for 7 = 0,1,--- , we have

[Tr2]

7723y 0.
t:[Trl]

C THE ASYMPTOTIC DISTRIBUTION OF THE AUGMENTED SUP ADF
STATISTIC

Consider the ADF model
p—1
Ay, = kz:l O Ay + o+ By1 + &
where g; ~ N (0,0%). Suppose the sample starts from the 7, fraction of the total
sample and ends at fraction ro, where ry € [0,1 — 1], 79 = 11 + T4, 7w € [10,1] is
the window size fraction and ry is the smallest fraction considered (0 < o < 1). The

deviation of the OLS estimate 8 from the true value 6 is given by

) [Trs] T
9—9: Z XtXt/ Z tht (Cl)

t=[Tr1] t=[Tr1]

where X = [uyq wy—o ... w1 yp1], 0 = [t01 1o ... ¢ « B]' and [.] signifies the

integer part of its argument.

C.1 TRUE PROCESS IS A RANDOM WALK WITHOUT DRIFT

Assume the intimal value yy = 0. Under the null hypothesis that « = 8 = 0, we
have y, = ', us, where uy = (1 — 'L — ¢* L2 — - — P L LP 1) gy =) (L) ey

From (e) and (f) of Proposition 1, we know that the probability limit of ZEZ?T]M] X, X]

is a block diagonal. Therefore, we only need to obtain the last 2 x 2 components of
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Z,ET?T]H XX, and the last 2 x 1 component of ZETT[?F]T X,e; to calculate the ADF

statistics, which are

1 Sy Ne
and
Yy Ty Yy16
respectively, where ¥ denoting summation over ¢ = [T'rq], [Tr1]+1,--- ,[Trs] . Based

on proposition 2, the scaling matrix should be Tr = diag (\/T , T) . Pre-multiplying
equation (C.1) by T, results in

-1

a [T'r2] [T'r2]
TT Z XtX£ Tj_wl Trz_wl Z tht
B_ B t:[Trl] ( 2)><( 2) t:[Trl] (—2))(1
. . — [TT‘Q] / -1
Consider the matrix T,! [Zt (Tr1] XtXt] (2)x(<2) T,
-1 -1
VT 0 Y1 Sy | | VT O T-'21 T732%y,
0T Sy Syt 0T T3y, T72%2 |
) ru U (W) iz W (r)dr

Y (Vo W (r)ydr o® [ (D] f;2 [W ()] dr

and the matrix Y,! [Z[T” ]tht}

t=[T'r (—=2)x1’
-1
VT 0 Y T2%e, . o [W (ra) =W (r1)]
= =
0T Sy 15, TSy, e, U (1) [J72W () dW (r) = 31|
Under the null hypothesis that 5 = 0,
-1
VTa| |ry A C 1 -B A | |C
. ~ oAz rwB
T5 A B D A —ry | | D
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where

o [*W ()dr
= [P [ W () dr
C=0a[W(rz) =W ()]
D=t [" W) aw ) - o).

T1

Therefore, the generalization of the Dickey-Fuller test when lagged changes of y are

included in the regression is

Tw {f” WdWwW — frw} L2 Wdr W (ry) = W (r1)]

T
A1) S ru [ W2dr — [ 72 War]”

To calculate the t-statistic of 3, we need to find the standard error of 3. Since the

var (0) = var{ { [jfl XtX’] ; { ”f] tht”

variance of 0 is

t= [Trl} t:[T’I’l]

[T’I’Q] -1
Z X X,
t= [T'f‘l}

-1
Therefore, variance of B is 02 multiply the last element of [ZET?TM X X]| . We

know that )

X1 Yy

[

var =g’
B XY Eyf_1
so, the variances of TB can be calculated as follows:
VTa a

var =wvar | Tp

A ~

s B
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-1 —_15 —1

VT 0 Y1 Sy | [ VT O
_= 0‘2
0T Yyi1 YyP 0T
- -1 -1
T-'S1  T732%y,_ 4 Tw A
=0 L 52
T35y, T72%2 | A B
Hence, the t-statistic ofB is
g TB 1, AC —r,D ( e )‘1/2
se (B) se (TB) A2 —r,B \r,B— A

T 72 WAW — 3r,| = [72 Wdr [W (ry) — W ()]

2 1/2
rul {Tw 2 W2dr — [frrf Wdr} }
The asymptotic distribution of the t-statistic of the augmented sup ADF statistic is

Tw {f” Wdw — frw} L2 Wdr W (ry) = W (r1)]

sup sup 7
e A e e [z war

In the sup ADF test, the starting point r; is fixed at 0, so 1o = r1 + 1y, = 7.
Therefore, the asymptotic distribution of the sup ADF statistic is

Ssu
rw€[ro,1]

{ r [ WdW — L] - wadr.W(rw)}
2 s g W ()2 dr — (e W () )

C.2 TRUE PROCESS IS A RANDOM WALK WITH DRIFT

Assume the initial value yo = 0. Under the null hypothesis that 5 = 0, we have
Ay = d4u, = at+ ' uy, where uy = (1 — ¢'L — ¢2L2 — - — gp 1L 1) lg, =
Y(L)e,and d=a(l—¢—¢? —--— P ) =4 (1) a.

From (e) and (f) of Proposition 1, we know that the probability limit of Zt o) ) Xt XG

is a block diagonal. Therefore, we only need to obtain the last 2 x 2 components of
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Z,ET?T]H XX, and the last 2 x 1 component of ZT”] X,e; to calculate the ADF
statistics, which are

S Sy Se,

and
YYi—1€t
= [TTl] s [TTl] + 1, sy, [TTQ] .

Yy Syl

respectively, where Y denoting summation over t

Based on proposition 1, the scaling matrix should be T = diag (Tl/ 2 T2> Pre-

multiplying equation (C.1) by T, results in

a—a [Tro) - [Trs)
TT Z Xth Tj_wl T;l Z tht
B_ B t:[Trl] ( 2)><( 2) t:[Trl] (_2)><1
. . — [TT‘Q] / -1
Consider the matrix T,! [Zt (Tr1] XtXt] (2)x(<2) T,
-1
TY2 0 X1 Sy | [ TYV2 0 T-'Y1 T2y,
0 T°/7? Sy Syt 0 T°/7? T72%y T35y,
. Tw sary (r1+79)
= =V (C.2)
sary (r +12) 562 (r3 — %)
and the matrix Y;! [Z[T” X }
T t [Trl] tet (—2)><1’
—1
T2 0 Yy T-1/%%¢, T-1/2%¢,
RN

0 T3/2 Eyt,p‘i't T_3/22yt71€t T_3/225( (t - 1) Et

The variance-covariance matrix of the last two elements

T2y, ,
f— O’ W

B T-12%e, T-32%a (t — 1) &

T3%%a (t — 1) &
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where

1 sa(r3 —r?)
W =
b (r3 - ) 3° (- o
Therefore, we have
T2 |
% hy ~ N (0,0°W) (C.3)
T35y, e,
Combining equation C.2 and equation C.3, it follows that
V% (& — a) ;
5V lhy ~ N (0,0*V IV
Ts/zB
Let Ry =711+ 71y, Ro =13 —1? =r,R, Rz =13 —r3;

-1 -1

%dTle

Tw %drle 1 %drRl Tw

VARUAAEE
%&Tle %ONKQRg %&TRl %~2R3 %&T’MRl %@QR:;
1
~ 16R3 — 2472 R} + 9r2 R}

4R3 (—BT'E)R% + 4R3) /7’3) —6R1 (-37”12UR% -+ 4R3) /Tw&

—6R; (=312 R? + 4R3) /rypa 12[4R3 + 3 (1 — 2r,) R?] /a?

We can see that § converges at rate T3/2 to a Gaussian variable

T32B.ap (1) & hy ~ N (0, 0—2\11) ,

where
_ 12[4R3 +3(1 —2r,) R}
"~ (16R% — 2472 R} + 9r2 RY) o2’
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For the sup ADF test, Ry = ry, Rz =73,

~12[4r, +3(1 —2ry,)]
3 (257, — 24) a2

For the ADF test, Ry = 1, Ry = 1; ¥ =12/a?.Therefore, all three types of the ADF

statistics can be compared with the usual ¢ for an asymptotic valid test.
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